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In this paper we show that the Bishop–Phelps–Bollobás theorem fails for bilinear forms on
l1 × l1, while it holds for linear operators from l1 to l∞.
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In 1961, Bishop and Phelps [2] proved the celebrated Bishop–Phelps theorem, which shows that for every Banach
space X , every element in its dual space X∗ can be approximated by ones that attain their norms. Since then, this the-
orem has been extended to linear operators between Banach spaces, and also to nonlinear mappings. On the other hand,
Bollobás [3] sharpened it to apply to a problem about the numerical range of an operator, now known as Bishop–Phelps–
Bollobás theorem. We denote the unit sphere of a Banach space X by S X , the closed unit ball by BX , as usual.
Theorem 1 (Bishop–Phelps–Bollobás theorem). Suppose x ∈ S X , f ∈ S X∗ and | f (x)−1| 2/2 (0 <  < 12 ). Then there exist y ∈ S X
and g ∈ S X∗ such that g(y) = 1, ‖ f − g‖ <  and ‖x− y‖ <  + 2 .
Recently, Acosta, Aron, García and Maestre [1] deﬁned the so-called Bishop–Phelps–Bollobás property for a pair of Banach
spaces. A pair of Banach spaces (X, Y ), is said to have the Bishop–Phelps–Bollobás property if for  > 0 given, there are
η() > 0 and β() > 0 with lim→0 β() = 0 such that for all T ∈ SL(X,Y ) and x0 ∈ S X satisfying ‖T (x0)‖ > 1 − η(), there
exist a point u0 ∈ S X and an operator S ∈ SL(X,Y ) that satisfy the following conditions:
‖Su0‖ = 1, ‖u0 − x0‖ < β() and ‖S − T‖ < .
They showed that if Y has property-(β), then for every Banach space X the pair (X, Y ) has the Bishop–Phelps–Bollobás
property. They also showed that (l1, Y ) has the Bishop–Phelps–Bollobás property if Y is in many classes of Banach
spaces including ﬁnite-dimensional Banach spaces, L1(μ) for a σ -ﬁnite measure μ, C(K ) spaces and uniformly con-
vex Banach spaces. Indeed, they proved that (l1, Y ) has the Bishop–Phelps–Bollobás property if and only if Y has AHSP
(standing for approximate hyperplane series property). In particular, the pair (l1, l∞) has the Bishop–Phelps–Bollobás prop-
erty.
We denote the Banach space of bilinear forms on X× X by L(2(X× X)). We say that the Bishop–Phelps–Bollobás theorem
holds for bilinear forms on X × X if the following properties are satisﬁed: Given  > 0, there are η() > 0 and β() with
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Y.S. Choi, H.G. Song / J. Math. Anal. Appl. 360 (2009) 752–753 753limt→∞ β(t) = 0 such that for all T ∈ SL(2(X×X)) , if x0, y0 ∈ S X are such that |T (x0, y0)| > 1 − η(), then there exist points
u0, v0 ∈ S X and a bilinear form S that satisfy the following conditions
∥∥S(u0, v0)
∥∥= 1, ‖x0 − u0‖ < β(), ‖y0 − v0‖ < β() and ‖T − S‖ < .
From the canonical correspondence between the elements of L(l1, l∞) and L(2(l1 × l1)), a natural question arises about
whether the Bishop–Phelps–Bollobás theorem holds for bilinear forms on l1× l1. About an analogous question about Bishop–
Phelps theorem to this, it was showed in [4,5] that for X = L1[0,1], the set of norm attaining bilinear forms is not dense in
L(2(X × X)), but the set of norm attaining operators is dense in L(X, X∗).
Now, we give a negative answer to this problem. Let {en} be the usual basis of l1 and δi, j be the Kronecker delta. For
x = (xi) ∈ l1 let supp(x) = {i: xi = 0}. We note that for a bilinear form T on l1 × l1,
‖T‖ = sup
i, j
∣∣T (ei, e j)
∣∣.
Theorem 2. The Bishop–Phelps–Bollobás theorem fails for bilinear forms on l1 × l1 .
Proof. Let T ∈ L(2(l1 × l1)) be deﬁned by T (ei, e j) = 1 − δi j . For a positive integer n we put a = (ai) and b = (bi), where
ai = 12n2 = bi for 1 i  2n2 and ai = 0 = bi otherwise. Then ‖T‖ = 1 and T (a,a) = 1− 12n2 .
Suppose that S is a bilinear form on l1 such that ‖S‖ = 1 = |S(a˜, b˜)| for some a˜ = (αi), b˜ = (βi) in Sl1 . We claim that if
‖T − S‖ < 1, then we have either ‖a− a˜‖ 1/2 or ‖b− b˜‖ 1/2. Let A = supp(a˜) and B = supp(b˜). Since
1 = ∣∣S(a˜, b˜)∣∣=
∣∣∣∣
∑
(i, j)∈A×B
αiβ j S(ei, e j)
∣∣∣∣

∑
(i, j)∈A×B
|αi ||β j|
∣∣S(ei, e j)
∣∣ ‖a˜‖‖b˜‖ = 1,
we have |S(ei, e j)| = 1 for every (i, j) ∈ A × B . This implies that A ∩ B = ∅. Otherwise, there exists i0 ∈ A ∩ B and
|S(ei0 , ei0)| = 1. Since |T (ei0 , ei0)| = 0, we have ‖T − S‖ = 1, which is a contradiction. If ‖a − a˜‖ < 1/2, then it is
necessary that #(supp(a) ∩ A) > n2. Since supp(a) = supp(b) and A ∩ B = ∅, we obtain #(supp(b) ∩ B) < n2. Therefore
‖b− b˜‖ > n2 × 1
2n2
= 1/2. 
Corollary 3. The Bishop–Phelps–Bollobás theorem fails for n-linear forms on l1 × · · · × l1 .
Proof. Deﬁne an n-linear form S on l1 × · · · × l1 by
S(x1, x2, . . . , xn) = T (x1, x2)e∗3(x3) · · · e∗n(xn),
where T is the bilinear form in Theorem 2. Then S is the required counterexample. 
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